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Abstract—A novel class of Discrete Fourier Transform
algorithms is presented. First, a new algorithm is presented
for computing the DFT spectrum along any given direction.
Then, computation of the entire DFT spectrum is computed
using a minimal set of independent directions. It is shown that
the new class of algorithms is both faster and more accurate
than the traditional tensor decomposition of the DFT
computation. Furthermore, the new algorithms allow for each
direction to be computed independently of the others, hence
allowing a parallel implementation.

I. INTRODUCTION

.We express the m -dimensional DFT as:
m=N-1 7, =Nps-1
Xkyoonky) = 3 0 S "
m=0 n,=0

kyn, +-~-+kmn,;,
x(nl ERRRD) nm)' I/VNl '
where:

Wy = exp[— «/j%} .

We are interested in computing X (k,, ..., k,,) for certain
discrete frequencies (k,,...,%, )€ S. We will consider

the cases when: (i) .S contains a single discrete frequency,
(ii) S contains several discrete frequencies within a limited
set of directions, and (iii) S contains all possible discrete
frequencies. In the third case, (1) reduces to the problem of
computing the m -dimensional DFT. More general regions
of .S may also be computed by combining the algorithms
from any of the three cases that are described.

To motivate the new approach, we review the standard two-
dimensional decomposition of the algorithm [1, 2, 3, 4]:

1. Compute the FFT along each row.

2. Transpose.

3. Compute the FFT along each column.

4. Transpose.
The important limitations of this approach are:
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e For each DFT frequency, we require the accuracy
computation of N +1 FFTs, limiting accuracy.

e Due to the transpositions, there is a lot of required
communications among the processes, hence
limiting the degree of parallelism, and
computational efficiency.

e There are no efficient algorithms for handling
sparse images in any finite number of dimensions.

By breaking DFT computation into a collection of one-
directional FFTs, it is possible to overcome some of these
difficulties by:

o Requiring a single FFT for each DFT frequency,
hence yielding more accuracy.

e  Avoiding transpositions altogether, and
communicating only the data sums for each root of
unity, hence reducing the data communication
drastically for signals of any finite dimension.

e Allows for the efficient DFT computation along
particular directions of the spectrum, as well as for
sparse images, by considering the non-zero data
samples for each root of unity.

In Section II, we introduce the basic ideas by looking at the
problem of DFT computation for a 4 x 4 array. In Section
III, the algorithm for computing the DFT spectrum along
any given direction is presented. It is built upon an
algorithm for computing a single point in the spectrum. It
is shown that it requires a single, one-dimensional FFT. In
Section IV, two minimal sets of independent directions for
covering the 2-D and 3-D DFT frequency planes are
computed. By using the smallest number of independent
directions, it is shown that the 2-D and 3-D algorithms
require a smaller number of 1-D FFTs than the popular
tensor decomposition of the algorithm. In Section V, a
summary of future work is presented.

II. Two-DIMENSIONAL DFT EXAMPLES

In this Section, we introduce the algorithm for computing
the DFT spectrum along a particular direction. The method
is similar to the slice DFT algorithm [4]. Nevertheless, the
algorithms presented here are more advanced in that: (i)
they employ SIMD additions to exploit modem
microprocessor architectures, and (ii) access the memory
sequentially and hence avoiding Cache misses.

530 10® Mediterranean Electrotechnical Conference, MEleCon 2000, Vol. IT

0-7803-6290-X/00/$10.00 ©2000 IEEE



Consider the 4x 4 case:
m=3 ny=3

X(kl’kz) = Z ZX(nl,nz)-W4k1ﬁ+kz"z

n=0 n,=0
Consider the case for 4 x 4 where the 2-d array is stored in

a row by row order. The 2-d 4 X 4 array corresponds to
the following 1-d offsets:

x(O) x(l) x(2) x(3)
x(4) x(5) x(6) x(7)
x(8) x() x(10) x(11)
x(12) x(13) x(14) x(15)

In what follows, we will use the fact that each row is made
up of consecutive entries, but we could relax the fact that

the array entries of row #+1 immediately follow the
entries for row 7, and the algorithms will still hold.

For the horizontal frequencies (see Figure 1):

S©)] [x(©)] [x(@)] [*®)] [x(2)
S() _ x(1) .\ x(5) . x(9) . x(13)
S@2)| | x(2)| | x(6)]| |x(10)| |x(14)

SG@)| | xB)] |x(7)] [x()] [x(05)

Note that all accesses to memory are sequential with
stride=1. Also, the additions can be performed using SIMD
additions for adding groups of four numbers:

x(0:3)

x(4 : 7)

x(8:11)
x(12:15)

The horizontal frequencies are then obtained using a one-
dimensional, 4-point DFT:

Xx(0,k)= ﬁ S(n)-wr*

n=0

[s(o:s)1=A4["4 Aj

Similarly, for the vertical frequencies (see Figure 1):
5(0) = x(0)+x(1)+x(2)+x(3)
S(1) = x(4)+x(5)+ x(6)+ x(7)
8(2) = x(8)+ x(9)+ x(10) + x(11)
8(3)= x(12)+x(13)+ x(14) + x(15)

which again access the memory sequentially. Each sum can
be computed using (for example):
x(0)

L
x(3)

Then, the vertical frequencies are computed using a one-
dimensional DFT:

X(k,0)= fs(n)-wﬁ

For an arbitrary direction, the roots of unity may not be
aligned as given for the horizontal and vertical frequencies.
Nevertheless, it is possible to access the memory
sequentially and align the entries between the rows. This is
illustrated for the diagonal frequencies (see Figure 1). We
compute:

8(0)= x(0)+ x(7)+ x(10)+ x(13)
S1) = x(1)+ x(4)+ x(11) + x(14)
S (2) = x(2) + x(S) + x(8) +x(15)
_ SB)=x(3)+ x(6)+ x(9)+ x(12)
by using right rotations along each row:
r0:3) = Rl,4x(4 :7)
r(4: 7) = R2,4x(8 1 1)
r@:11) = R,,x(12:15)
hence allowing SIMD additions for every 4 elements:
x(0: 3)
sodl-al* ]702
r(8:11)

All the diagonal frequencies are then computed using a one-
dimensional DFT:

X(k, k)= gs(n)- Wi

III. DFT COMPUTATION ALONG ANY DIRECTION

In this Section, many of the results illustrated in Section II
will be generalized to an arbitrary direction. Much of the
mathematics is similar to the development of Orthogonal
FM transforms that can be found in [5].

Suppose that:
N, =2% N,=2% ., N, =2%
Then, define:
G, =" |r=0,1,.,N-1}

where:
N =max N,.
1
We note that the roots of unity occur with equal
multiplicity:

Theorem. In cach DFT basis function:
W ... W™ for0<n, <N,
1 M
each root of unity:
WI{;:”‘ eee WA’;Z'”M = WI\'I‘

occurs with equal multiplicity, regardless of the value of 7 .
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Proof: The proof is fairly straight forwarded and omitted.

Theorem. Define N =max(N,, N,,..., N,,). The
roots of unity for a DFT basis function are given by:
t (Q) =G, where (J denotes the set of image points,

r = ged(k’)mod N , and
b ) |
Proof:

N, N
k'=|—Fk,—

N, "N,
From the properties of the gcd(-), we can always find
neZ" such that ged(k’)=n-k’. Then, we define
r =ged(k’)mod N , and it follows that:

0 - o] ]
exp[—j%v@(n'k’)}

Wy

N

—kyy iy —
2 NM

M

It

It is also clear that:
W!‘;.d = tk(d'n)’
and hence that G, £, (0).

Since 7 = gcd(k') mod N, we can also find an integer
a such that ¥ + Na = gcd(k ') . Define a new vector p by
factoring out gcd(k') from each component of k:
k’
"+ Na)

so that:

= (r + Na) p
Forany m € (J, we have:

[ 2 2
f,(m) = exp ”j‘lvﬂ-‘(klml):l"'expl:‘JX[Z(kaM
L 1 M

—J——(m k )]

= exp
= expf—j—m-(r+Na)pJ
| ° N
= Wh;(m-p)
It is clear that W™ G , and this implies that:
tk(Q)gGr
QE.D.

jl—i’i(anM)} |

>J

Using the previous theorem, we rewrite (1) as:

xw)- 3 [ s

zety (Q)\ netf’ (z)

This equation describes a simple algorithm for computing a
single DFT coefficient. We simply add up all the signal
points that "see” the same root of unity, multiply by that
particular root of unity, and then sum over all of them.

Most importantly, the algorithm can be generalized for an
arbitrary direction using:
yi)= T rla) 2=y
neg'(z)

and:
i=N/ged(r,N)

Z y(I)W m(x r)

i=0
The last equation corresponds to a one-dimensional DFT.

X(mk)=

IV. RESULTS IN TWO AND THREE DIMENSIONS

It is interesting to generalize the directional DFT algorithm
for computing the entire DFT spectrum. This is done in this
Section where minimal sets of directions for covering the 2-
D and 3-D frequency planes are computed.

To cover the frequency plane S , define:

v ={vesS|3isuch that:v, =1}.
We next define what we mean by "covering".
Definition 1. A set S’ is said to cover § if for every
veS,wecanfinda v' € S’, and a non-negative integer
a,suchthat v=av’.

Theorem 1. Let X € S , where each N, = 27 for p, being
a positive integer. Then X can be expressed as X = av for
some vel, a>0 being a non-negative integer. In
other words, we say that /' covers S .

Proof
There are two cases to consider:

1. For some Xx,component of X, we have that
» gcd(x,. ,2RTP P ): 1.

2. For all x; components of X, we have that
gcd(xi AL ):t L.

In the first case, it is clear that X, does not contain a power
of two in its prime number decomposition, and hence

gcd(x 2"1):1 for 0<j<N, -1 Let
V= (,, Vi, 1, Vi ) be arbitrary. Then
xiv :(xivl’xVZ’ b ’xlvl—l’xl’xlvl-)-l" xivM)'

Since gcd(xi,2”’)=1 for 0< j<N, -1, it is clear
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that there exist unique d; such that x,d, = x, (mod N j)
for 0<j<i, i<j<M. Next, we set v, =d, for
0<j<i, i<j<M, and observe that x,v=Xx and
velV.

In the second case, all elements of X are powers of two.
Let X; be the smallest element of X. It is clear that

xX;v=X where
v={2%,2%,...,2%, 1,29 .. 2%) and
2% =x,/x,. Cleatly veV .

QED

It is possible to cover V (and hence.S ), using one of its
subsets: ¥, C V' . Intwo-dimensions, define V, by:

V,={i1)]i=0,1,....N, -1}
v,={19)]i=0,2,4,...N, -1}
Ve =NV,
It is noted that in V., there are only N, +N,/2
directions. In turn, these correspond to N, + N,./2 one-

dimensional FFTs as opposed to N, +N, one-
dimensional FFTs for the standard 2-d algorithm,

In three-dimensions, define V. by:

v, ={1,,j)|0<i<N,-1,0< j <N, -1}
v,={).i,1)|j=0,2,4,....N,-1,0<i <N, -1}
v,={i,j,1)i=0,2,....N,-1,j=0,2,...,N, -1}
Ve =V, 0¥, ¥,

For a three-dimensional image of size Nx N xN , it is
noted that the set includes only 7N2/4 independent

directions. In turn, this requires 7N?/4 1-d FFTs, a

significant reduction over the 3N> 1-d FFTs required by
the standard 3-d algorithm.

Perhaps most importantly is the following theorem that
states that the numbers of directions are minimal:

Theorem 3. The cardinality of both the 2-d and 3-d V.,

|VC| are minimal in the sense that there does not exist

another set V. that covers S , yet satisfying |VC] > 'VC|

The complete proof of this theorem is unfortunately too
long to be included in this paper. Briefly though, in both
the 2-D and 3-D sets, at-least one vector component will
only assume only even integer values, and hence avoid the
unit component of the other vectors.

The minimal sets can also be extended to higher
dimensions.

V. CONCLUSION AND FUTURE WORK

A novel class of DFT computation algorithms have been
presented. In the near future, paralllel algorithms will be
implemented at the Albuquerque High Performance
Computing Center.
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Figure 1. From top left to bottom center, distribution of the
roots of unity for: (i) horizontal frequencies, (ii) vertical
frequencies and (iii) diagonal frequencies. Each ellipse
contains the discrete points that share.the same root of
unity. For the diagonal frequencies, we have a leftwise
rotation from the roots of unity of each row to the row
below (see text for details). This allows us to rotate the
image samples along each row in order to add them to the
row above. This pattern also exists along rows of any finite
dimension.
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