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Abstract- AM-FM analysis methods have been used in
several biomedical imaging applications. In this paper, we
are interested in the development of AM-FM analysis
methods for small components, regions of interests (ROIs),
and segmented objects.
For detecting small components, we propose the use of a
new multi-scale AM-FM edge and peak analysis system. The
new system uses the product of gradient estimates from
multiple scales.
For small ROIs, we propose the use of a new nested
optimization scheme. We show that separable designs based
on I-D designs with 15 coefficients can lead to excellent AMFM estimates.
Index Terms: multi-scale methods, am-fin methods, edge
detection.
I. INTRODUCTION

Multi-dimensional Amplitude-Modulation FrequencyModulation (AM-FM) models for image analysis allow us
to model complex, non-stationary behavior. Over the
years, the development of AM-FM models was primarily
focused on textured images. More recently, efficient
AM-FM demodulation have led to a significant expansion
of the applications to more general images [1,2].
In the 2D image model, an input image I(x,y) is
represented by a sum of AM-FM components using:
M

I(x,y) = ~>n(x,y)cos¢n(x,y)

(1)

n=1

Where an (x,y) denote slowly-varying instantaneous
amplitude (IA) functions, ¢n (x, y) denote the
instantaneous phase (IP) components, and n = 1,2,... , M
indexes the different AM-FM component. In (1), we
represent
the
m-th
AM-FM
component
by

an (x,y)cos¢n(x,y).
We summarize the advantages of using AM-FM
decompositions into four primary reasons [3]: (i) they
provide for a large number of physically meaningful
texture features, over multiple scales, at a pixel-level
resolution; (ii) images can be reconstructed from their
AM-FM decompositions; (iii) based on the target
application, we can design for different AM-FM
decompositions using different frequency coverage; and
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(iv) we have the recent development of very robust
methods for AM-FM demodulation (see some recent
examples in [1,2]). We refer to [3,4] for a survey of
biomedical imaging applications. Briefly, AM-FM
methods have been applied to electron microscopy [5], xray imaging of chest radiographs, optical imaging in
ophthalmology [6], and ultrasound imaging in
atherosclerosis.
The primary objective of this paper is to study general
properties and methods of the AM-FM method for
bounded domains. Here, we think of bounded-domains as
arising from very small, spatially bounded image
components, segmented images, or regions of interest
(ROIs). In what follows, we will use the term ROIs to
refer to both segmented images and regions of interest.
Unlike the majority of prior AM-FM research, we are
primarily interested in representing image components
that span one (delta functions) to very few pixels, and
ROIs that span tens of pixels.
For spatially bounded image components, we introduce
a new multi-scale method for edge and peak analysis that
allows us to accurately detect both small and large
component boundaries. The multi-scale approach allows
for an adaptive approach where longer components are
detected at coarser scales, while shorter components can
be extracted at higher frequency scales.
For arbitrary ROIs, we develop an optimization
approach that searches for the digital filters with the
smallest number of coefficients that give the best AM-FM
estimation results. In this case, we can use AM-FM
analysis for very small ROIs where all dimensions can be
very small (both horizontally and vertically).
The new AM-FM approach can be used in a variety of
medical imaging applications. The new edge analysis
approach can be used for edge detection, to initialize edge
segmentation approaches, or simply as image features.
This can also be used in clutter removal, where we can
remove AM-FM features that represent artifacts due to
the edges. The primary application arising from the use of
shorter AM-FM filters will be in the use of feature
extraction from segmented images and small ROIs.
In section II we provide an overview of our
methodology. We provide results in section III, and a
brief discussion in section IV.

II. METHODS
We refer to [3] for a brief survey of different AM-FM
approaches. Here, we will be focused on Hilbert-based
approaches.
First, the real-valued input signal is "analytically"
extended by removing all negative frequency
components. As a result, we have a complex-valued
signal of the form: a(x,y )expU~(x,y)]. AM-FM
components are computed using a collection of bandpass
filters. We use collections of different bandpass to defme
different scales. In this paper, we extract a single AM-FM
component from each scale: low pass filter (LPF), verylow, low, medium, and high scales. Excellent AM-FM
demodulation results can be obtained using equiripple
filter design.
At the output of each channel filter, we apply AM-FM
demodulation to extract the individual AM-FM estimates
using:

vii(x,y )
arg[/ AS(X,y)* Fj(x,y)]
where / AS(x, y) denotes the extended analytic signal
(where all negative frequencies are zeroed out), Fj(x, y )

ai

denotes the impulse response of the i -th filter,
(x, y)
denotes an instantaneous amplitude (IA) estimate, and
vii(x, y) denotes an instantaneous phase (IP) estimate.
A robust method for estimating the instantaneous
frequency (IF) is based on considering [1,2]:
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where l(x,y) = expUvli(X,y)]. Here, the spacings ~,~y
are selected so that they minimize the argument of the
arc-cosine function. For the minimization, we simply
select the best estimate over a small integer number of
pixels (1 to 4). We then reconstruct the AM-FM
components by selecting AM-FM channel estimates with
the largest IA estimate.
A. Multi-scale AM-FM Edge and Peak Analysis

The basic approach for detecting edges and peaks is to
look for them at multiple scales. The procedure is
summarized below:
1. Compute the gradient for each AM-FM scale.
2. Multiply the gradient values from each scale.
3. Take the absolute value of the product.
For estimating the gradient, simple fmite-differencing is
sufficient since each estimate is already computed via the
use of a filterbank. Here, we are interested at looking at
the combinations of different scales.
For coarser detection, we consider the use of all scales.
For fmer detection, we want to consider the higherfrequency scales only.

B. Digital Filterbank Optimization for Bounded
Domains

The design of digital filters over bounded domains can be
described as the solution of the multi-objective
optimization problem where the lA, lFx, lFy exhibit low
estimation error. We clearly need a suitable model that
covers a wide range of frequencies for estimating the
error. Here, we consider a Gaussian-modulated (IA)
quadratic phase model (see [1,2] and Fig. 2). In our work,
we constrained the IF to range from 0.4 to 1.4 radians, for
both the horizontal and vertical directions.
A unique solution that minimizes all objectives may
not exist. We modify the problem to a nested, constrained
optimization problem:
Estimate separable 2-D FIR filter using 1-D FIR
coefficients Ct, • • •, cN that solve mini-max design
criterion problem for transition band Df
such that:
PSNR1A(Df, Cb ••• , CN» T1A,
PSNR1Fx(Df, Ct, ••• , CN» T1Fx'
T1Fy
where N represents the number of I-D coefficients, the
PSNR error is measured in dB, after eliminating boundary
pixels with edge artifacts, and computed using
PSNR1Fy(Df,

Ct, ••• , CN»

PSNR/F = 20

lOglO(/JMSE J

for the IF components. Here, MSE represents the meansquared error. For the lA, we replace n by the maximum
IA. Determining the thresholds depends on the required
quality in the reconstruction. Also, for bounded domains,
we are interested in the digital filter with the minimum
number of coefficients that satisfy our criteria.
III. RESULTS
We demonstrate the new, multi-scale edge and peak
analysis system in Figure 1. In Figure 2, we provide
results for dyadic filterbank optimization.
From Fig. 1, we can see a I-D example of edge and
peak detection at a coarse to fme scale. We can see edge
detection can be achieved by simply thresholding the
generated normalized product. Furthermore, when all
scales are used we can see that only the outer edges of the
fITst structure are detected. These outer edges represent
the spatial extend of the fITst two boxes, which are
grouped together as a single structure. At the fmest scale,
all edges and the delta function can be detected. However,
estimation tends to be noisy at the higher scales. At the
same time, the additive noise is significantly suppressed
when a larger number of scales is used.
In Fig. 2, we present AM-FM feature estimation error
as a function of the number of coefficients and the width
of the transition band. Here, all filters share the same
transition band. From the figure, we can see that a
transition bandwidth of O.ln radians with 15 coefficients

will provide excellent-quality for IF and acceptablequality for IA estimation.

All IA Reconstructions
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IV. CONCLUSIONS AND FUTURE WORK
We have demonstrated a multi-scale AM-FM edge and
peak analysis scheme that can be used to detect edges
from coarse to fine scales. The approach allows us to
localize very small signal components , including delta
functions.
We also describe a new procedure for filter design that
can be used to produce high-quality of AM-FM feature
estimates using a limited number of filter coefficients.
The short, separable filters can be used to extract AM-FM
features for very small ROIs. From the results, we can see
that about 15 coefficients will suffice.
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Fig. I. Multiscale AM-FM analysis and edge analysis. In
this example we have a signal composed of two unitamplitude discrete-time step functions that are 6 pixels
long, followed by a delta function . The signal is corrupted
by white Gaussian noise ofsigma=0.05. For (a), the input
signal is shown in dotted lines and the IA estimates are
shown in solid lines. For (b),(c) all edge analysis sample
points are plotted using '+' . (a) IA estimation with dyadic
filterbank with 5 channel filters: LPF, very-low, low,
medium, high scales. (b) Edge analysis using all scales.
(c) Edge analysis using medium and high scales only.
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Fig. 2. Digital filter design optimization over bounded domains . (a) Original50x50 pixels AM-FM image . (b) Instantaneous
Amplitude (IA) of (a). (c) Frequency Modulated (FM) of (a) . (d) IA error optimization in dB, (e) IFx error, and (f) IFy error.

