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Multidimensional Orthogonal FM Transforms
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Abstract—We present a novel class of multidimensional orthog- the transform is equivalent to 1) a permutation on the image
onal FM transforms. The analysis suggests a novel signal-adaptive samples, followed by 2) a DFT (or DCT) of the permuted sam-
FM transform possessing interesting energy compaction proper- ples. In the inverse transform domain, we first apply 1) a DFT

ties. We show that the proposed signal-adaptive FM transform pro- . . .
duces point spectra for multidimensional signals with uniformly (or DCT), followed by 2) the inverse permutation (the inverse

distributed samples. This suggests that the proposed transform is Of the permutation in Step 1) of the forward transform).

suitable for energy compaction and subsequent coding of broad-  One-dimensional AM-FM expansions have also been studied
band signals and images that locally exhibit significant level diver- i [4], [5] and [6], where one-dimensional AM-FM expansions
sity. We illustrate these concepts with simulation experiments. were expressed in terms of frequency-amplitude modulated

Index Terms—AM-FM, orthogonal transforms. (FAM) complex exponentials. The class of FAM functions is
indexed by a parametes, and the FAM functions are expressed
|. INTRODUCTION as:FAM(a, z) = \/dg(x)/dx exp[jag(z)]. When the FAM

L . ) ) set is designed in the frequency domain, the set of functions is
I T IS very difficult to describe nonstationary signals by.ajeq FAMIets. FAM functions have also found applications

expansions of stationary signals. Even wavelet expansiqR;ignal compression. The FAM functions have the limitation,
suffer since wavelet functions assume stationarity over the - ear that the AM and EM terms are coupled

support of the function. To avoid such limitations, a mul-,, general classes of one-dimensional (1-D) AM-FM ex-

tidimensional discrete amplitude and frequency-modulat %nsions are also presented in [7]. The authors suggest that a

I
g?k,)\f t-rzl:;l/)ismez;éeesigxepx?orzso:e\(,jvzzﬁm proposed in [1], where grge class of signal processing algorithms can be thought of as

being composed of three general steps: 1) applying a unitary
I(z1,22) = Zan(m,m) expljdn (21, 22)]. (1) transformation tq the signal or im_age, 2) processing the trans-
formed signal or image, and possibly 3) transforming the result
back. In this general scheme, our method considers permuta-
tions as the unitary transformation. The authors of [7] have also
resented a variety of important time-warping functions that are
‘Srs%ociated with 1-D FM signals that have been studied in the lit-
V. erature.

For modeling nonstationary images, AM-FM expansions of tha multidimensional EM expansions that we present
the form (1) have great potential since the amplitude and phgge are fundamentally different from those in other studies:
funct.ions are allowed tovarygontinuously overtheimagelplan,onqnce permutations have no continuous-space analogue, our
In this paper, we study a discrete version of the continuoWgansions have no continuous counterpart. Hence, this class
AM-FM transform representation that was introduced in [2}¢ Fn transforms provides a novel approach to the problem
The wo_rk that we present here is a continuation of the reseamxpanding signals as a sum of multidimensional FM series.
results in [3]. _ _ _ The analysis suggests a novel signal-adaptive FM transform

In this paper, we consider an interesting class of orthogon@lssessing interesting energy compaction properties. We show
FM transforms, derived from using a permutation of the signgla¢ the proposed signal-adaptive FM transform produces point
samples followed by the DFT. In the forward transform domaigpectra for multidimensional signals with uniformly distributed
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for the FM transform coding example, and briefly comment ofor all k, p € Q. Now putk = e,, theath standard unit vector,
future research on FM transforms. to get

Il. FM TRANSFORMS { 2m b )} { 2m b )}
exXp | ———=J¢aq =exp|———J%a
Let z(-) be a bounded/-dimensional signal with domain PITNIrP PP

the discrete hypercub@ = {0,1,...,N — 1}¥ . This means

that z(-) is a function such that, for every € Q, z(-) isa foralla € {1,..., M} and allp € Q. This implies thatp =
complex number. Later, we will understand that= (Z/N)M, ¥ mod N.

whereZ /N denotes the ring of integers modul. Motivated The converse is obvious. Q.E.D.
by coding applications, we are interested in expressingas  Next, we derive a general orthonormality condition.
a sum of FM components Proposition 2 (Orthonormality Condition)Assume thatp
satisfies
1 . L2m
o) = o KW |Gk #m| @

1 27

ke iz ik (@) - 2(p)] —dm-p) @
? keQ

such that the FM spectrutd (-) can be computed using

forall n,p € @, whereé(-) denotes the Kronecker delta func-
1 27 tion. Then any bounded signa{-) on @ is given by
X(k)=— Z z(n)exp|—j—=k- -®(n)| . (3)
K‘I) new N
1 2
z(n) = 7 Z X(k)exp [jﬁﬂk . @(n)} (5)
Here,n = (ni,n2,...,ny) andk = (k1 ke, ..., ky) de- ® 10
note elements of). We understand that the FM phase function
®() = ($1(),$20),-.., pu()) takes values iMR/N)™,  where the FM spectrum is given by
whereRR is the real line. Also, we use™to denote the stan-
dard inner product reducedod N 1 -
X(k)= Ko Z x(n) exp [—jﬁk . @(n)} . (6)
L34
k-®m)=kdi(n)+ kepa(n) + - + kyrdar(n) mod N. neq

In (2), thekth FM componentxp[—j(2r /N)k - &(-)] is Proof: The proof follows after using (6) to substitute for

: : . X(k), in the right-hand side of (5).
weighted by the corresponding FM spectral coefficigrtk), . .
and the sum of these contributions over klle @ synthe- For 1-D FM transforms, the form ab is determined by the

: L ; - following proposition. O

izes the original signat(-). The FM rumx (- n
2netfs1et ((:ah(c)Jicge gf;(%. ?’iﬁlas thee FMStezflts;:)rm(ié ii?jalslsa . Pr(?position 3 (Orthonormal FM Transform; !n One_Dimgn—
classof transforms; a particular instance is specified by S%on_). Let M - L Then thg orthonormal condition (4) is s_atls-
lecting an(R / V)™ -valued phase functio(-) and kernel con- iedifand only if ® (i) = o(4)+ /3 mod N for some permutation
stantKg > 0 such that the synthesis formula (2) and the ana—Of 0,1,...,N - 1.} af‘d some real numbgt. Furthermore,
ysis formula (3) hold for an arbitrary bounded sigmé!). The the kernel.constant IS given W‘I’. = VN.
dependence oK (-) on €(-) should be understood and is not . Proof: The proof is straightforward and has been
generally written explicitly. omitted. U

The following proposition clarifies the dependence of the F% Protﬁosnmn 4 if g)(') |sda_1 perm_utat:o;l\;l)i{to, N 'f’ N N 1} .
transform on the choices @(.) and K. en the associated one-dimensiona ransform is equiva-

Proposition 1 (Uniqueness)Let &, & : Q — (R/N)M lent to a permutation of signal samples followed by the ordinary

: DFT.
and letFs, Fg denote associated FM transforms. Tlep = ) . . .
Fa ifand only if Ko = Kg and® = ¥ mod N. Proof: The proof is straightforward and has been omitted.

We now generalize Proposition 3 to multiple dimensions.

Theorem 1 (Multidimensional Orthonormal FM Trans-
forms): Let K¢ = N*/2 whereM is the number of spatial
dimensions. Let® = (¢1,...,¢n). Then & satisfies the
1 exp [_ﬁ_ﬂk . @(p)} — 1 exp [_ﬁ_ﬂk . q;(p)} orthonormal condition (4) if and only if there is a symmetric
Ke N Ky N functiona : @ x @ — {1,..., M} such that

Proof: SupposeFs = Fg. Applying both transforms to
6(n — p) gives

forall k,p € Q. Puttingk = 0, we conclude thake = Ky,
and so Pa(n,p) (M) = Pa(n,p)(P)

27 27 . is a nonzero integanod N whenevem . [By symmetri¢
eXp[——Jk-@(p)} IeXp[—ﬁJk-‘I’(p)} 9 # P. [By sy

N we mean thatv(n, p) = «(p,n) foralln,p € Q.]
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Proof: SinceKs = NM/2 (4)is satisfied whenever = Definition 1 (Unidirectional Periodic Signal):A unidirec-
p. Forn # p, (4) is satisfied if and only if tional periodic signal:(-) is any signal or that satisfies
- 1) z(n) depends only on the first coordinate of n, i.e.,
0= Z exp [j—k (®(n) — @(p)):| x(n) = z(p) if ny = p1. We will abuse notation in this
keQ N case and writex(n) = z(nq).

M o 2) For some positive integdf dividing N, z(-) is T-peri-
=> []ew [jﬁka(d)a(n) - (/)a(p)):| odic in its first coordinatex(n,) = x(n1 + 7).
keQ a=1 If, in addition to 1 and 2¢(0), (1), ...,«(T — 1) are distinct,

N-1 N-1 M thenz(-) is said to be @roperunidirectional periodic signal.
= Z . Z HeXp {JN/%(%(H) —%(P))} To emphasize the period, we may say that a signal is
ky = kar=0a=1 unidirectional 7-periodic. In two-dimensions, if; denotes
the column coordinate, we note that target signals remain
<Z eXP[ v Fu(e(n) — u(p ))D invariant throughout a column. Hence, as we shall see, for
k1=0 the least-squares optimal permutation, we will permute image

N L samples with similar intensity to the same column, allowing
[ —/fM (prr(m) — P ))} sequential memory accesses to the target signal.

M—O Proposition 6 (Spectrum of Unidirectional Periodic Sig-
nals): Let z(-) be a unidirectionall’-periodic signal on@.
= H < eXp{ — ba(p ))D Then, the DFTX(-) of z(-) satisfiesX (k) = 0 if either N/T
a=1 does not dividd:; ork’ # 0 (i.e., atleastone ¥, ..., kys is
This last expression is zero if and only if a factor nonzero).
Proof: Sincex(-) depends only on the first coordinate, it
Nl is clear thatX (k) = 0 if k’ # 0. Now, assumeV/T" does not
> exp{ k(¢a(n) — d)a(p))} =0 (7)  divide k;. Then
k=0
1
for some indexa € {1,..., M}, which may depend ofn,p). X (K) = Ko > > #uT +v,
But, as we have seen, (7) holds if and onlyjf(n) — ¢, (p) 0<3f<’?§$T)1_1 neQ’
is a nonzero integanod N. The relation(n, p) — «a defines - 2_7r
the functiona for n # p; a(n,n) can be defined arbitrarily. X exp [j—(kl(uTJr v)+ Kk -n/)}
Since¢,(n) — ¢,(p) is a nonzero integenod NV if and only if
?a(P) — ¢o(n) is a nonzero integanod N, the existence of = ,
is equivalent to the existence of a symmetric Q.E.D. K<I> Z Z v,nl eXp[ _(kl” +k- )}
Remark 1: Note that the existence af implies that® is n'CQv=0
one-to-one. N
As in the 1-D case, choosind(-) to be a permutation of) x Z eXP{ _kWT}

ensures that the orthonormal condition is satisfied.
Proposition 5: If &(-) is a permutation of, then theM-di-  consider the terms in the last sum. SifégT” does not divide
mensional FM transform is equivalent to a permutation of signg the integers
samples followed by thé/-dimensional DFT.
Proof: Similar to the proof for the one-dimensional 0,511, 2k4T, ..., (N/T) — 1)y T
case. Q.E.D.
are all distinctmod V. Applying exp[j (27 /N )(-)] yields

I1l. FM T RANSFORMS FROMPERMUTATIONS 1, WK}T’ W}%]HT’ " W}(\g\r/T,l)le’
For the remainder of this paper, we focus on FM transforms
built from phase function® that are permutations ¢f. We also where we have writtedV'; for exp[j (27 /N)(-)]. These num-
identify @ with (Z/N)™. According to Proposition 5, such abers are the comple&V,/7)th roots of unity, whose sum is
transform is equivalent to permuting the input signal and themero. Q.E.D.
applying the ordinary DFT. Thus, it is of interest to identify sig- Proposition 7 (Uniformly Distributed Signals)tet 7" divide
nals whose DFT spectra are sparse to servargstsfor signal N. A signalz(-) on @ can be permuted to a unidirectional (re-
permutation. Once a collection of target signals is chosenspectively, proper unidirectional)-periodic signal if and only
general signal-adaptive transform strategy ist@tchan input if z(-) assumes at most (respectively, exacilydistinct values,
signal via permutation to a target signal that is “close” and themch with multiplicity a positive multiple oV /T..
apply the DFT. This strategy was introduced in [3] for one-di-  Proof: Letz(-) be a proper unidirectional periodic signal.

mensional signals. Let z(ny) be a particular sample of(-). thatz(-) assumeq’
We begin by identifying a family of signals oy whose distinct values with multiplicityN™ /T Let«; be one of th&’
DFT spectra are sparse. It will be convenient to wrjle = values. We can place atx(i, na,...,na), ..., x(i+(N/T —

(Z/N)M=1andn’ = (na,...,nu). DT,),0 < na,...,ny < N— 1. Similarly, we can place al’
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distict values, and the resulting signal will be proper unidirec- = Z(a:(@ o U1(k)) — ta(k))?. (10)
tional periodic. keQ

Next we consider the case whef) assumes at-moft dis- Therefore, finding a permutation that minimizes (9) feris

. ‘ i M o v
t'n(.:t vaIues.t.. Let.“tbe a v_?rl1ue repe?rt:_n%N /T tlme§ whe;;re equivalent to finding a permutation that minimizes (10) for
m 1S @ POsiive In e}g\jier. hen, we think af asm copies of a Furthermore, it is clear that a permutatiérsuch that, (k) =
value trf:at r?petaéy /g t('j"fmst,ha”d proceed in the same Wé‘%(q:(k)) can be found ifft; and¢, share the same distribu-
aslg/ve a\(? Jus 7 es§r|6 € Iorth etp_ropelr case.N i ? tion of values. Hence, signals that share the same distribution of
ropositions 7 and 6 imply that signals wiif{ IV uniformly e}@ues are equivalent and we are thus only concerned with iden-
i

d_|strt|b'uted g?rglp)le':s,Mc?n b ? rep;esen?ed u3||ng very IEWF?\;) ying one member of each equivalent class. We describe these
cientsin a suitable ransform domajmamely, using the e(%rivalence classes in Section IV.

transform associated to the permutation that makes the signgk & -+ hes, (-) to a proper unidirectional’-periodic
unidirectional. This permutation and its inverse are easy to ﬁnﬂgnalt §

as shown in [3]. This observation suggests the usesifal- centiles” in the followin : _ .

) . . . . ) g way. Writez(-) = z,(®(-)). Since
adaptiveFM transform, in which®(-) is a function of the input. #(.) is proper#(-) haSTdistinctvaIuestEO)) #(1) .(..(t)()T—l).
In practice, of course, the matching of signals by permutatic#]]/ € {0 T 1, thent(n, m) :, t(y)’ . a}wd oniy
will only be approximate, and the specification #f-) may S - b

actually carry a significant part of the representation (Codinaqle
cost. Nevertheless, as demonstrated in [3], and to a greater
tent herein, there are important rate-distortion gains to be
rived from this approach.

Next, we will prove an invariance property for signal-adap- {z(pT +v,n):0< u< N/T—1,n" € Q'}
tive FM spectra. Low variation in the spectra of a sequence of )
signals is desirable since techniques such as DPCM can be Jgééome phmce ob € _{0’ Lo, T =15
to reduce the cost of coding the sequence, thereby offsetting i roposition 9 (Invariance Property)Assume that, (-) and

part the overhead of representing permutations. First, we nét ) arg signals o) t_r:j"?‘t sh_areatrhe sa rg_e h_istoglram d(?f values.
some definitions. Let, ¢ be signals orf) (we think oft as the Let#(-) be a proper unidirectiondl-periodic signal, and le(-)

“target” signal). If the permutatiod® of Q minimizes the en- andy(:) be permutations af,(-) andy,(-) (respectively) that
ergg quang[ity ) P © matchz(-). Then, the DFT spectra of(-) andy(-) satisfy

> (@(®(k)) - t(k))? ) X(k)=Y(k) if (N/T)|k and K =0.  (11)
ke@ Proof: Leta = k1 /(N/T). Then

(+), then we can interpre® as analyzing:,(-) into “per-

= pT +vforsomey € {0,1,...,N/T —1}. Ifwe arrange
values ofz, (-) in ascending order, with multiplicity, and di-
8e this list of values into blocks of sizg™ /T (“percentiles”),
fien the values in a single block will be those in the set

then we say tha® matches: to ¢. In case the identity permuta- e

1 27
tion matches: to ¢, then we say: and¢ arematchedMatching X(k1,0) = Ko > D alnmn)exp [_J N’flnl}
permutations can always be found by using sorting [3]. To make m=0n'eQ

this precise, we fix a bijection ] T=iN/TL
= Z Z Z z(pT + v,n’)
/3Q—> {1,...,N]w}. Kq) v=0 pu=0 n’'cQ
() is then ordered by defining < n iff g(k) < S(n). The X exp[—j%kll/} exp [—j%au}
bijection serves as an index for multidimensional arrays. As an
example, for accessing multidimensional arrays declared in a B = ) 27rk
computer language like “C”, the bijection is defined from the ~ Ko Z EXP| =I v
M-dimensional array index to an offset from the base address N/;i?
of the array. ,
A signalz on Q is sortedprovided X E:O % e(pl +v,n').
p#=0 n’'CcqQ’
k <n= z(k) < z(n) As we observed, sincg-) is proper unidirectiondl-periodic,
and a permutatio® sortsx providedz(®(-)) is sorted. and sincex(:) matches(), the double sum
Proposition 8 (See Proof and Associated Algorithms in N/T—-1
[3]): If ® sortsz and ¥ sortst, then® o ¥, whereo S0 > wul +vn)
denotes function composition, matcheto ¢. u=0 n’cQ’

Lett, t2 be any two target signals. If we can find a permuta- . R
tion W such that, (k) — £,(¥(k)), then it is clear that Is just the sum over one block of si2é™ /T of values ofz, ().

Sincez, () andy,(-) have the same histogram

> (@(@(k) — t1(k))? N/T—1 N/T—1
kCQ Z Z (pT +v,m') = Z Z y(ul +v,n')
=) (@(®(k)) — t2(¥(k)))? ©) n=0 n'ce n=0 mcQ

keQ (12)
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and by reversing the steps above, we see figt;,0) = values willbe matched by the same set of input signals, although

Y (k1,0). Q.E.D. the matching for a given input signal may be accomplished by
Remark 2 (Milder Conditions for Invariance)Note that the a different permutation. Two target signals share the same his-

condition thate, (-) andy,(-) share the same histogram is actutogram of values if and only if they are themselves related by

ally stricter than required. By carefully examining the proof, ona permutation, and so we are led to the following definition of

sees that,(-) andy,(-) need only share the same averages ovequivalence.

each of the analysis blocks [as given in (12)]. Furthermore, in Definition 2 (Equivalence of Target SignalsJwo target sig-

this proposition, we only consider unidirectional signal as tanalst(-) ands(-) on¢) areequivalentwrittent(-) ~ s(-), ifand

gets, but as will be proven in Theorem 2, signals that are mmly if there is a permutatiof® of @ such that(-) = s(®(-)).

uni-directional are equivalent to uni-directional signals. Of course, equivalent target signals need not have the same
In fact, we can show that matched signals with the same hBFT spectrum. From previous observations, it is easy to see that
togram also share the entire FM spectra. two proper unidirectional periodic signals are equivalent if and

Proposition 10 (Invariance of Signal-Adaptive FMonly if they have the same set of values, and hence the same
Spectra): Assume z,(-) and y,(-) are signals on(} that period.
share the same histogram of values. L} be an arbitrary ~ Now we address equivalence of DFT basis signalsiix =
target signal, and le¥ be a fixed permutation that so#fs). Let exp[j2n/N], a primitive, complexVth root of unity. For each
x(+), andy(-) be permutations of,(-) andy,(-) (respectively) k € @, there is aDFT basis signakx(-) given bytx(n) =
that match:(-). Then, the DFT spectra af(-) andy(-) are the WX™®. A DFT basis signal can be thought of as a group homo-
same. The reverse is also, clearly true. If the DFT spectrarmbrphism in the following way. Let
x(-) andy(-) are the same, then the original signalg-) and
Yo(-) share the same histogram of values. G={W}

Proof: Let ®, sortz,(-), and let®, sort y,(-). Then,

zo(P1(+)) andy,(P2(-)) are the sorted lists of the same col& is the set of complexVth roots of unity, and it is easy to

r=1,...,N}.

lection of values. It follows that = z,(®; o ¥(-)) andy = see thats forms a group under complex multiplication. On the
yo(®2 o ¥(-)) are also the same and hence their DFT spectother hand, since we vie® = (Z/N)M. Q forms a group
are the same. Q.E.D. under vector additiomod N. Any DFT basis signatx(-) is a

The results of Propositions 9 and 10 relate to the implemenfanctionQ — G, and the fact thaty (-) is a group homomor-
tion of FM transforms. In implementing FM transforms, just likgohism follows from the familiar property of exponents
JPEG, we break the given image into blocks. If the histograms
of the values between two adjacent blocks are not very different

27
then it makes sense to apply differential pulse code modula- J

b+ m) = expl 50+ k)

tion (DPCM) encoding between the FM coefficients of adjacent 27 27

blocks. In practice, the milder conditions of Proposition 9 (see =P [jﬁk ' n} exp [jﬁk ' m}

Remark 2) were found to hold, and DPCM was only applied to = ty(n)ty (m). (13)
the FM coefficients specified in (11). We will return to this point

in Section VI. Sincety(-) is a group homomorphism, it follows that any two

values oft () are assumed with the same multiplicity. This pro-

IV. EQUIVALENCE OF TARGET SIGNALS perty is stated more precisely as follows. kog G, write

We have suggested that, because of their sparse spectra t 1 (z) = {n € Q| tx(n) = z}. (14)
and invariance property, unidirectional periodic signals form a
family of target signals well-suited to the signal-adaptive FM Proposition 11 (Multiplicity of DFT Basis Signals)For
transform strategy. In [3], however, emphasis was placed enw € G, if ;' (») andt; * (w) are both nonempty, thefy * ()
DFT basis signals as the ideal targets for energy compact'mndt;l(w) have the same number of elements.
via permutation. In this section, we explore the relationship  Proof: It suffices to give the proof whew = 1 because
between DFT basis signals and unidirectional periodic signale general case then follows by transitivity. Suppasen €
from the perspective of the signal-adaptive FM transfory'(z), i.e., thattx(n) = tx(m) = 2. Thentyx(m — n) =
strategy. We will define a suitable equivalence relation between—! = 1, so thatm — n € t;l(l). This shows that for any
(target) signals and see that all DFT basis signals are equivaleatticular choice oh € t;l(z), we have
to proper unidirectional periodic signals. Furthermore, we will
describe the equivalence classes of DFT basis signals under the t i z)={n+plpet(1)}.
relation. For any family of target signals, the number of equiva-
lence classes is of interest since it is a measure of richness @early, then,t, (2) has the same number of elements as
descriptive power of signal-adaptive FM transforms that matefy 1(1). Q.E.D.
to the target signals of the family. For these results, we will use From the fact thaty(-) is a group homomorphism, it is easy
basic concepts from group theory, which can be found in [8].to verify that the set of values

According to Proposition 8, matching is accomplished by
sorting. Thus, two target signals that share the same histogram of t(Q) ={tx(n) |n € Q} (15)
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forms a subgroup of7. The subgroups of? are well known, Notice that Theorem 2 implies that the number of equivalence
and we briefly describe them now. For further details, see thasses of DFT basis signals is no méie Example 11n par-
discussion of cyclic groups in [8]. if € {1,..., N}, write ticular, the number of equivalence classes of DFT basis signals
depends only oV, not on the dimensiof{ of the hypercube
Now, for matching signals to targets, we need only consider
the number of distinct elements in each target. This is due to
the fact that all signal samples that get permuted to match the

Furthermore, if-, s € {1, ..., N}, thenG, is a subgroup OG. location of the same target sample are (from the perspective of
if and only if gcd(s,N') | ged(r, N) (as can be easily verified). the target) equivalent (also see our discussion of bucketing in

It follows thatG,. = G, if and only if ged(r, N) = ged(s, N). [3]). Returning to Example 1, we note that for matching sig-
In particular nals to targets, we observe tt@Gll,/, has two elementsy /4

has four elements .., Gy hasN elements. Thus, we need a
Gy = Gyeatr,n) (17) single bit per signal sample for matching signals to the unique
uni-directional signal with the same elementgas,,, two bits
and so the subgroups ¢t are in one-to-one correspondencger signal sample for matching signals to the unique unidirec-
with the positive divisors ofV. The number of elements ii,  tional signal with the same elements@s.. . . . , log, (V) bits
is N/ged(r, N). per signal sample for matching signals to the unique uni-direc-
Example 1: Toillustrate the ideas above we describe the subienal signal with the same elements@sThis is summarized
groups ofGG more explicitly whenN = 2™. This choice ofV  in Fig. 1. Furthermore, in Section V, we demonstrate how the
is of particular interest for implementation. The positive divimatching can be achieved for two-dimensional images with uni-
sors of V are the number8 for p = 0,1,...,m. Thus, the formly distributed samples in two and four bins.
subgroups of7 areG = G, G2, Gy, ..., Gnya, Gny2, Gn =
{1}. Notice that these subgroups areradsted V. EXAMPLES OF EFM TRANSFORMS

G=G; DGO DGnuDGyp DGy ={1}. (18) In this section, we demonstrate the use of FM Transforms for
two-dimensional images. We will present examples for images

Proposition 12 (Set of Values of DFT Basis Sighal)(@) =  associated With /> and Gy 4. For Gy o-examples, we use
Gy, wherer = ged(k) mod N. Here, we understand thate  signals that have a histogram of two equally distributed values.
{L,..., N} andged(k) = ged(hy, ko, . ., k). ~__For Gyys-examples, we use signals that have a histogram of
Proof: Using a well-known property of gcd (given in [9, four equally distributed values. We will also address implemen-

p. 10]), we can finda € ZM such thaged(k) = n - k. Then tation issues.

7 =mn-kmod N, and it follows tha#¥V'y, = t(n). Therefore,  jithout loss of generality, we pick a 2-D signal that has a

G, C t(Q). On the other hand, sinceis equal toged(k)  histogram with two equally distributed values. Consider
mod N, we can find an integet such that + Na = ged(k).

G, = {Wy

nez}. (16)

It is easy to check thatr,. is a subgroup of7. In fact, every
subgroup ofG is of the form@,. for somer € {1,...,N}

With p; = k; /(r + Na), it follows thatk = (r + Na)p, and so N/2 samples N/2 samples
foranym € @, v V1 ..., U1 V2 U2 ..., U
r = . . , U1 > Va.
k-m=(+Nap- -m. : :
v U1 ceey vl V2 VU2 ceey U2
Then . . N .
For each sample, we want to assign a single bit to indicate which
ti(m) = WP™ ¢ g, bin the sample falls in
This implies thati (Q) C G, . Q.E.D. N/2 samples  N/2 samples
According to Proposition 11 () assumes its values with o= oo -~ 011 - 1
uniform multiplicity. Proposition 12 implies that the set of o : :
values oft(+) is equal to a subgroug,. of G. The number 00 - 01 1 - 1

of distinct values ofy, is N/gcd(r, V), a divisor of N. From _ _ ' _
these observations, it follows thag(-) is equivalent to a proper Using the bit codes id’, we can re-arrange the samples in the

unidirectional( N/ged(r, N))-periodic signal. original signal so as to match the appropriate transform domain
We can now characterize the equivalence classes of DFT b&sgples. We match samples by mapping the smallest signal
signals. value to the smallest transform domain value, and then the next
Theorem 2 (Equivalence of DFT Basis Signal§prk,n ¢ smallest signal value to the next smallest transform domain
Q, t () ~ tu(-) if and only if ged(k) = ged(n) mod N. value and so on. For this two-bin signal, the most appropriate

Proof: #x(-) ~ t,(-) if and only if #,(-) andt,(-) have FFT basis function is
the same histogram of values. In view of Proposition 11, the .
histograms are the same if and only if the two signals have [exp g7 Jo<n na<v—1
the same set of values, i.e., if and onlyif @) = #,(Q). By 1 -1 -1 -1 -1
Proposition 12, this last condition holds if and onlgifl(k) = =|: & oo
ged(n) mod N. Q.E.D. 1 -1 1 =1 --- 1 -1
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Number of bins | Associated Subgroups | Permutation bits | AM-FM Spectrum
in the per sample Coefficients
histogram (plus DC coefficient)
T=2 Gny2 1 bps 1+1
T=4 GN/QCGN/4 2 bps 2+1
T=28 GN/2 CGN/4 CGN/g 3 bps 3+1
T=N/2 Gny2 CGnys logo(N)—1 bps | log,(N)—1+4+1

- C Go
T=N GN/2 C GN/4 IOgQ(N) bps N

- CG: C@E

Fig. 1. Relationships between FFT subgroups and discrete signals with uni
are required for encoding the permutation for the FM transform. The FM sp
for the case§” = 2 andT = 4 are described in Sections V and VI.

Using the bit code€”, we map the original signat so as to
match this basis function. For the permuted signalwe write

vy v2 V1 V2 v V2

rzp= |+t i i (19)
v v2 v U2 vl Vo

We note that: » has a period of two along the horizontal coordi

formly distributed samples. The required bits per sample denoteflstimber
ectrum coefficients are described in Proposition 6. Also, examplesstdrid tran

The FM spectrum for this example is nothing but the FFT of the
permuted signal. As shown in (20), the permuted signal requires
two coefficients. This example illustrates a simple application of
Proposition 6.

A numerical 1-D example is shown in Fig. 2. In this example,
the FM transform can reconstruct the signal exactly using 1.04
bits per sample. The FM transform is exact since the FM spectral
coefficients are computed after multiplying by the two roots of

nate. Hencey p is a 2-D example of a unidirectional, period-2unity: 1 and—1 (which can be represented exactly).

signal. Along the vertical coordinate, remains constant.
We next write the permuted signal as

1 111 ... 11
$P:§(U1+U2) S
1111 --- 11

1 -1 1 -1 --- 1 -1

1 e

+§(Ul—v2) oo :

1 -1 1 -1 1 -1

(20)

Next, we examine signals that have a histogram of four
equally distributed values. Without loss of generality, we pick a
simple member of this general class of signals (see (21), shown
at the bottom of the next page), satisfying> v> > va > vgq.

We encode the permutation required to match the signal to the
FFT basis functions shown in (22) at the bottom of the page. For
this signal, we look for FFT basis functions that have period 4 in
the horizontal direction. Note that bdxp jmn1 Jo<n, n,<n—1

and [exp j(7/2)n1]o<n, n,<n—1 are such basis functions.
This observation motivates the subgroup property described in
Fig. 1. The subgroup property stems from the fact that period

N/4 samples N/4 samples

N/4 samples N/4 samples

e e

"1 n v o va vs U3 Us vs Uy Ug Vg
T = : : (22)
N/4 samples N/4 samples N/4 samples N/4 samples
1 n v Vo va vy V3 3 vs Vs U4 Vg
N/4 samples N/4 samples N/4 samples  N/4 samples
0 0 011 --- 12 2 2 33 ... 3
C = : (22)

N/4 sémples N/4 sémples

N/4 samples  N/4 samples

0 0 o1 1 --- 1

2 2 23 3 - 3
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Fig. 2. DFT and FM Spectrum results for a signal that is uniformly distributed in two bins (127 &28). In (a), we show the histogram of the signal. In (b), we

show the first 16 samples of the signal (out of a total of 1024 samples), and its DFT magnitude spectrum in (d). In (c), we show the first 16 sampiesuéthe pe
signal, and its corresponding, FM spectrum in (e). The entropy of the DFT coefficients is 17.89 bits per sample, and the PSNR is 86 dB. The FM spectrum and
permutation bits correspond to 1.04 bits per sample, and the PSNR is infinite.

T signals are also of perio®Z’, 47,87, .... Now, to match [exp jmnilo<n, no<n—1, [€xPJ(7/2)n1]0<n, ,no<v—1, @and the
our signal to the FFT basis functiorsxp jmni]o<n, n,<ny—1 dc coefficient.
and [exp j(7/2)n1]o<n, no<n—1, We USe the bit code€’ to A numerical, 1-D example is shown in Fig. 3. The FM
re-arranger into a period 4 signal transform can reconstruct the signal exactly using 2.07 bits
Vi Vg Vs Uy -+ UL Vs Us g per s_a!'nple. The FM transform is exacfc since the FM spectral
ep= | : C : : C 23) cogfﬂments are computed aftgr multiplying by the four roots of
Soos s e unity: 1,—1, v/—1, —v/—1 (which can be represented exactly).
Y1 v2 Uz U4 ccc U1 T2 U3 U4 It is clear how to extend our discussiongal6, . .., N bins.
The FM spectrum is the FFT spectrum of the permuted sigrfairthermore, it is fairly clear that the dimensionality of the
zp. As discussed earlier, it is captured in the coefficients afgnal z does not affect our ability to rearrange the samples
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Histogram Distribution Of Original Signal Samples
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Fig. 3. DFT and FM Spectrum results for a signal that is uniformly distributed in four bins (113, 120, 123, and 127). The figures are the same ashe Fig. 2. T
entropy of the DFT coefficients is 16.03 bits per sample, and the PSNR is 86 dB. The FM spectrum and permutation bits correspond to 2.07 bits pet sample, a
the PSNR is infinite.

along a single dimension. In our examples, we chose thad the four-bin case
ny-coordinate.

For the DCT, we look for permutations that produce signals
with twice the period of the corresponding FFT group. This is *7 = Cooon o h
accomplished by mirroring the samples within the period. We Ul V2 V3 V4 U4 U3 V2 U1
illustrate this approach for the two-bin case

Vi V2 VU3 V4 Vg4 VU3 V2 U1
. . . . . (25)

To be able to visually identify how the permuted images look

like, we examine (24) and (25) as digital images. For (24), we
R R R assign the black color far;, and the white color for,. Along

e S (24) each column of this image, the intensity remains constant. The
vl Ve Uz VL cer UL Uz U2 U1 image appears as an alternating sequence of black and white
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Histogram Distribution Of Original Signal Samples
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Fig. 4. DFT and FM Spectrum results for a signal that is normally distributed in two bins. The figures are the same as in Fig. 2. For the DFT, theeatscoeffici
were divided by 200 before rounding of to the nearest integer values. The dc coefficient was divided by 2 before rounding to the nearest intdgelavglue. S
for the FM transform, the spectral coefficients that did not capture the energy were rounded in the same way [see text and (e)]. The entropy of ffi@dDEST coe
is 10.3 bits per sample, and the PSNR is 39.9 dB. The FM spectrum and permutation bits correspond to 6.8 bits per sample, and the PSNR is 40.1 dB.

stripes. Each stripe is two pixels thick. Similarly, (25) appearsatching a signal texp j77n1]o<n, n,<n—1, We simply per-

as an alternating sequence of white, two-pixel columns (comingute the lowest half of the samples as if they wergwhile

from columns ofv, 1) and black, two-pixel columns (comingsamples in the upper half are permuted;as

from columns ofuvy, v,). Between the white and black stripes,

we have a transition stripe coming from columnsgf vs. permuted as.

We expect to observe similar stripe patterns when examining ~

general images permuted to match the structures of (24) and

(25). This is seen in Fig. 8(a) and (b), the permuted blocks of . N

Fig. 12(a) and (b), (see Section VI for more details). <anejopr Sanzjopa < oo- Sz (26)
We generalize our discussion for matching any given signal to

[exp 77N ]o<n, ne<N—1. OF [exp j(7/2)n1]o<n, no<n—1. FOr Formatching a signal texp j(7/2)n1]o<n, n,<n—1, We break

21 L2 L - S TNz
permuted as,
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Histogram Distribution Of Original Signal Samples

25

20

Number of Occurences

—?50 -100 -50

0 50 100 150
Signal Value (a)
Original Signal Samples Permuted Signal Samples
150 150
100+ 100+
) ‘ ‘ ‘ | ) ‘ ‘ ‘
@ [}
= o
2 2
£ o 1 s O
. ’ . ‘
< <
50 1 -50r
-100 L 1 -100
5% 5 10 15 20 -15% 5 10 15 20
time (b) time (c)

Log Magnitude Plot of the FM Spectrum

Magnitude
Magnitude

200 400 800 800 1000 1200 ) 200 400 600 800 1000 1200
FFT Coefficient Number (d) FM Coefficient Number (e)

Fig. 5. DFT and FM spectrum results for a signal that is normally distributed in four bins. The figures are the same as in Fig. 2. For the DFT, theatscoeffic
were divided by 100 before rounding of to the closest integer values. Similary, for the FM transform, the spectral coefficients that did notecapéuggy there
rounded in the same way [see text and (e)]. The entropy of the DFT coefficients is 12.4 bits per sample, and the PSNR is 45.9 dB. The FM spectruntiand permuta
bits correspond to 7.3 bits per sample, and the PSNR is 46.2 dB.

the signal into quartiles thefirstexample,the FMreconstructed signalhasslightlylessdis-
tortion at less than 70% the bit rate of the corresponding discrete

permuied as, Fourier transform. Similarly, for the second example, the FM re-
21 <2< S aTyeg constructed signal has slightly less distortion atless than 60% the

permuted as. bit rate of the corresponding discrete Fogrier tra_nsform_ .
< = A = = Using this general method for matching arbitrary signals to
SIN2/a41 S IN? /442 S 0 n SN2 /2 [expjwnl]ognhnzgj\r_l, and[expj(w/2)n1]0§nhn2§N_1, we

permuled as, conjecture that most of the signal energy should be captured in

(27) (i) theideal FM coefficients described in Proposition 6, followed

by (ii) the horizontal FM coefficients, and (iii) the nonhorizontal

Numerical results are presented in Figs. 4 and 5. Inthese exdtivt coefficients. The claim that the ideal FM coefficients cap-
ples, two multi-modal, normally distributed signals are used. tare most of signal energy is vividly demonstrated in the exam-

S-S %3n2ja41 S Canzjatr S S oz
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Fig. 6. Rate-distortion curves for FM transform and JPEG for the sensor
image. In all plots, we plot the PSNR versus bits per pixel. The FM-transform
results are plotted in solid line, while JPEG results are plotted using a dashe
line. In (a), we show results for one-bit permutations. In (b), we show results
for two-bit permutations.

ples of Figs. 2(d), 2(e), 3(d), 3(e), 4(d), (e), and 5(d) and 5(e).
The ideal FM coefficients are above all other coefficients in or-
ders of magnitude. The claim that the horizontal FM coefficients
are expected to capture more of the energy than the nonhor
zontal FM coefficients is less obvious. To see why this is true,
we return to the permuted matrices of (19), (23), (24), and (25).5&= . e it = (b)
We recall that the permuted images are formed after first sortipg. 7. JpEG results for the sensor image. (a) The original image is an 8-bit
the image values, and then arranging successive pixels acrossge of size256 x 256. The optimized JPEG reconstructed image is shown
column. Hence, we expect far less intensity variation acrosdn#p). The optimized JPEG is computed at 1.33 bits per pixel at a quality factor
g140: at a PSNR of 18.13 dB.
column than across a row. This conjecture is also seen to ho

?t)); rg%etﬁgnir?rLﬁ?;c?gfoEfse;? IS| pe;r;(l;t)e :r:;n?tg]esv\% ':'gsg(fvé are showing are well suited for the FM transform methods

P 9 Tat we have developed, essentially due to the noiselike texture
far less intensity variations across the columns than across € thev contain. JPEG and most traditional techniques have
rows. Inthe ideal case, when there is no intensity variation alo y ’ 4

the columns of an image, the nonhorizontal Spectral coefficie t being very effective in compressing these kinds of textures.

are zero. It then follows that the horizontal spectral coefficients 10 fficiently capture the textures in the wo examples, we
capture more of the energy in the image implement two distinct transforms 1) FM transforms ®x 8

blocks and 2) a hybrid technique using either an FM transform
or the DCT on each x 8 block. For the sensor image, the same
texture is present throughout the image, and we applied the FM
As a sample application of the discrete FM transform, weansform on eacix & block (see results in Fig. 6). For the Man-
consider a natural and significant example: signal compregill image, the texture is only found on portions of the image,
sion. Consider the original images displayed in Fig. 7@)d and we thus applied the hybrid transform, in an attempt to allow
Fig. 11(a) (256 x 256 grayscale image). The two examples thathe FM transform technigue to effectively capture the texture,
T s _ while leaving the smooth regions to the DCT. For general im-
Thisis a256 x 256 image segment of the sensorimagé8p1f24hh.884 | . .
and it was taken from http:/mww.mbviab.wpafb.af.millpublic/MBy- @J€S, where there is no knowledge of the presense of texture in
DATA/adts.htm. the image, the hybrid method is clearly the best one to try.

VI. APPLICATIONS
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(b) (b)
g. 9. FM reconstructed images for the sensor example. In (a), we have the
Fig. 8. Permuted images for the sensor example. (a) The one-bit permma?@ébnstructed image for the single bit FM transform. It is encoded at 1.49 bit
image and (b) the two-bit permutation image. per pixel, with a PSNR of 18.90 dB. In (b), we have the reconstructed image for
the two-bit FM transform. It is encoded at 2.42 bits per pixel, with a PSNR of

Toanalyze the performance of the FM transforms, we consick@r>0 dB-
the permutation overhead. We only consider target signals that
have a constant overhead of either one bit per sample, or an oegaplying FM transforms to smooth images, for future research,
head of two bits per sample (as we have described in Section ¥ hope that scanning codes will prove useful.
To reduce the permutation overhead, we employ two differentlt is clear that all coding gains are due to the quantization
methods for encoding the permutation bits. In direct encodingf, the FM spectrum. For a specified number of permutation
we simply store the bit codes without processing. For the imagas per sample, we have a corresponding number of dominant
thatwe consider here, thisis the preferred method. Inscannedielt coefficients: the nonzero spectrum coefficients of the
coding, we scan thg x 8 array of codes in horizontal, verticalunidirectionalT’ | N-periodic signal (see definition in Propo-
or some other scan order. The scanning direction is defined todigion 1). For theDCT implementation of the FM transform,
orthogonalto the direction of maximum energy inthe two-dimerthe dominant coefficients are a bit different. It is easy to show
sional power spectrum. For example, if the sum of all the powttrat in the two-dimensional DCT-spectrum, in the first row,
alongthe diagonalfrequencieés = f»)isgreaterthanthe sumsthe dominant coefficients are the Oth and 4th coefficients for
along the horizontal and vertical directions, we use zig-zag scame-bit permutations, and they are the Oth, 1st, 3rd, 5th and 7th
ning of the permutation codes. For the images that we are peeefficients for two-bit permutations. Due to the invariance of
senting here, there is usually no preferred direction and thereghgse dominant FM coefficients (see Proposition 9), we apply
no real need to determine the preferred direction. However, f@DPCM technique to encode these coefficients (similar to the
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Fig. 10. Rate-distortion results for the Mandrillimage. For this image, we use
a hybrid transform (see text). For one-bit permutations, we show the resul
in (a). For two-bit permutations, we show the results in (b). The solid lines
represent the hybrid FM transform, while the dashed lines represent JPEG.

DPCM of the dc coefficient in JPEG). Furthermore, we used
the standard Huffman table for encoding dc coefficients fo
encoding these coefficients (given in [10]).

The permuted images are shown in Figs. 8 and 12, where wi
plot the permuted images corresponding to Figs. 7(a) and 11(a
The horizontal stripes in the permuted images confirm our ex (b)
pectationthatforthe noiselike, granulartexturedregions, suitable
permutations have converted theminto almost unidirectional, §é8- 11. Mandrillimage results for JPEG. In (@), we show the original Mandrill

DR . .. . image. In (b), we show the (optimized) JPEG image for the quality set to 30 in
riodic signals (see Section V). Most promising is the fact th eg . At this quality level, JPEG is coded at 1.0745 bits per sample, at a
FM reconstructed images shown in Figs. 9 and 13 are free fré/®NR of 23.67 dB.
blocking artifacts that are clearly present in the JPEG images of
Figs. 7(b) and 11(b). Blocking artifacts have been eliminated dtlee quantization levels, we use three different quality factors:
to 1) the permutedimage blocks are approximately unidirectior@l iq for ideal quality factor, which is used with the horizontal,
periodic, and since unidirectional periodic signals are free of anpidirectional periodic coefficients, (ifjgfor horizontal quality
blocking artifacts, the permuted image blocks can be encodedtor, which will is used for the horizontal coefficients that are
with less blocking artifacts, and 2) the reduced artifacts in tm®t covered by the ideal quality factwy, and (iii) nhgfor non-
permuted image blocks are eliminated when the image samesizontal quality factors, which is used for the nonhorizontal
atthe edges are permuted to different locations within each blockefficients. We use very simple relationships for describing the
It is easy to recognize what an FM image will look like at veryelationships among the quality factors. For one-bit permuta-
low bit rates. In the extreme case, where only the dominant RiMns, we setiq = 4iq¢ andnhq = 4iq, while for two-bit per-
coefficients are kept, the low-bitrate FM image appears like a himutations, we setq = 2ig andnhg = 2hq. Hence, given a
togram equalized version of the original image (equalized ovesllue for the ideal-quality factdg, we obtain simple expres-
each block). The number of equalization levels is determined bipns forhq andnhg, which we can use to compute the quanti-
the number of permutation bits. zation levels for: (i)i¢/(-) for the ideal quantization levels corre-

Based on our discussion on the relative importance of déponding taq, (i) ¢l(-) for the horizontal quantization levels
ferent coefficients, it is natural to chose different quantizatiazorrespondindng, (iii) nhql(-) for the nonhorizontal quantiza-
levels based on the importance of each coefficient. To specifgn levels corresponding tag. Again, we use simple, empirical
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-

(b) (b)

Fig. 12. Permutation images for the Mandrill example. The one-bit permut&iyy. 13. FM reconstruction results for the Mandrill image. For one-bit

image is shown in (a), while in (b), we show the two-bit permuted image. Whegermutations, we show the reconstructed image in (a). It is compressed at 1.49

the image does not appear permuted, we are using JPEG for that block.  bit per pixel, with a PSNR of 18.90 dB. Similarly, for two-bit permutations,
we show the results in (b). It is compressed at 2.42 bits per pixel, with a PSNR

expressions (for the standagd< 8 image block) of 22.50 dB.
igl(n) =1+ (14 n)ig image block, we must select whether to apply the FM transform
hallm) =1+ (1 +m)hq or the DCT.
nhal(i — 1,5) = 1+ (1 + i + §)nhq. (28) We use a simple rule to decide whether we should apply the

FM transform or not. For one bit permutations, if JPEG requires
Now that we have specified the quantization levels for thmore than 64 bits for a block, we then choose to apply FM trans-
FM transform alone, we turn to the problem of implementintprms instead. Similarly, for two bit permutations, if it requires
a hybrid transform. For the hybrid transform, we would likenore than 128 bits for a block, we then choose to apply FM
to specify the DCT quantization tables so that the number wénsforms instead.
bits required for encoding DCT blocks and the number of bits For one-bit permutations, we presentthe rate-distortion curves
required for encoding FM blocks are comparable. For usimgFigs. 6(a) and 10(a). For two-bit permutations, we present the
hybrid transforms to compress images at about two bits pesults in Figs. 6(b) and 10(b). For encoding the spectral coeffi-
sample, we use the standard quantization table of the DCT [16nts we use baseline Huffman coding for all FM transforms. For
For using hybrid transforms to compress images at one bit mgmputing FM transform at different bits per sample, we simply
sample, we multiply each entry in the quantization table by twaried thedominantqualityparameter between 5 (producing the
and use the result as the new quantization table. Then, for eaigfit endpoints), and 24 (producing the left endpoints). We show
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compressedimagesforthe sensorimageinFig. 9,andforthe Manz]
drill image in Fig. 13. The JPEG images were computed using
cjpeg forbaseline JPEG, but also using optimized JPEG using[ ]
the optimized flag focjpeg .

For the sensor image, Fig. 7(b) shows the optimized JPEG
image which was compressed at 1.33 bits per pixel, at a PSNF£4]
of 18.13 dB (for a quality factor of 20). For the Mandrill image,
Fig. 11(b) shows the optimized JPEG image which was com-[5]
pressed at 1.07 bits per pixel, with a PSNR of 23.67 dB (for a
quality factor of 30). As we pointed out earlier, both JPEG im- [6]
ages suffer from severe blocking artifacts. For the sensor image,
we show the one-bit FM reconstructed image in Fig. 9(a). It is
compressed at 1.49 bit per pixel, with a PSNR of 18.90 dB. It[7]
corresponds to the rightmost point in the rate-distortion curve of
Fig. 6(a). For the two-bit FM reconstructed image in Fig. 9(b), 8]
the image is compressed at 2.42 bits per pixel, with a PSNR 0%9]
22.50 dB. It corresponds to the leftmost point in the rate-distor-

. . [10]
tion curve of Fig. 6(b).

We next explain the results for the hybrid transform. The hy-
brid transform was applied to the Mandrill image. The one-bit
permuted image is shown in Fig. 12(a), while in Fig. 12(b), we
show the two-bit permuted image. When an image block do#¥
not appear permuted, we are using JPEG for that block. Wh
an image block is permuted, the permuted image forms the v
tical stripes, and the FM transform is applied for these block
For one-bit permutations, we show the reconstructed imag
Fig. 13(a). This image was compressed at 0.98 bits per pi
at a PSNR of 23.89 dB. It corresponds to the leftmost point
the rate-distortion curve, fatominant_quality = 24.0. Simi-
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